The effect of concentration on coil-stretch hysteresis in extensional flows of polymer solutions is examined with insights from Brownian dynamics simulations of isolated chains and scaling theory for non-dilute solutions. In the hysteresis regime, stretched molecules pervade larger volumes than equilibrium coils. For such chains, intermolecular overlap and hydrodynamic screening crossover set in at concentrations much smaller than the critical overlap concentration c * for equilibrium coils. The width of the hysteresis window is consequently strongly enhanced around c * .
and rheological measurements [7] , and is now thought to play an important role in a number of complex flows of dilute polymer solutions [8; 9] .
Steady state in extensional flow is primarily the result of a balance between internal resistance of polymer molecules to stretching and the frictional drag force exerted on molecules by the flowing solvent. Coil-stretch hysteresis in dilute solutions of long flexible molecules stems from the nonlinear dependence of both the entropic resistance and drag forces on the end-to-end stretch R: molecular stiffness begins to diverge as R approaches the contour length L, while the friction coefficient changes as the gross molecular shape changes from an isotropic coil at equilibrium to a slender rod when fully stretched. Within the hysteresis window Wi s−c < Wi < Wi c−s , nonlinearities cause the balance between internal resistance and drag to occur at two distinct values of R [5] [6] [7] . One of the stable states corresponds to weakly deformed coils (R ∼ R 0 ), and the other is the stretched state (R ∼ L). Hysteretic behaviour emerges as large molecules are kinetically trapped in either of these stable states depending on initial conditions [1; 5-7; 10] . The lower bound of the hysteresis window Wi s−c can be interpreted as a critical strain rate for an ensemble of stretched molecules to transition to the coiled state. While Wi c−s ∼ 0.5 for long molecules, the value of Wi s−c depends on molecular weight. It is known that in a dilute solution, the ratio Wi c−s Wi s−c is proportional to ratio of the mean friction coefficient of a fully-stretched rod of length L, to the value ζ Z in the Zimm limit for isolated, isotropic coils at equilibrium of radius R 0 . Therefore, the size of the hysteresis window, Wi c−s Wi s−c ∼ √
0 is the number of Kuhn segments in a flexible molecule.
In a highly concentrated polymer solution on the other hand, it is expected that interpenetration of molecules completely screens out solvent-mediated hydrodynamic interactions [11; 12] . The behaviour of any single molecule thus follows Rouse dynamics as opposed to
Zimm hydrodynamics of isolated chains in dilute solutions . Since the Rouse friction coefficient ζ R of a molecule is independent of chain conformation, the frictional drag force in an extensional flow F drag = ζ Rε R is linear with respect to stretch. No hysteresis occurs in such a case, although the coil-stretch transition is still present at Wi c−s = 0.5 [13] .
It is therefore natural to ask how coil-stretch hysteresis is affected by concentration as one moves from dilute to concentrated solutions. In polymer solutions close to equilibrium, molecular overlap and interpenetration becomes significant when chain density c exceeds a
0 . Intermolecular interactions are typically expected to be negligible in the dilute regime where c c * ≪ 1. The objective of this Letter is to firstly show that the phenomenon of coil-stretch hysteresis may have a strong and non-trivial concentration dependence even in solutions nominally considered highly dilute. Secondly, although hysteresis vanishes as expected in concentrated solutions when c c * ≫ 1, the change in the width of the coil-stretch hysteresis window is non-monotonic with respect c c * , attaining a large maximum when c c * ∼ 1. This is relevant to many applications such as turbulent drag reduction, ink-jet printing etc. which employ polymeric additives and operate in a range of concentrations where the polymeric solute has little effect on properties under quiescent conditions, while inducing large elastic stresses in flows with significant extensional components. The concentration dependence of viscoelastic phenomena in these applications is far from being fully understood [14; 15] .
Recent experiments [14] and molecular simulations [15] have demonstrated that even in very dilute polymer solutions, flow-induced extension of chains can strengthen the concentration dependence of rheo-optical properties. Insight into the origin of this ability of dilute solutions to "self-concentrate" can be obtained from observations of average molecular conformation ( Fig. 1) in Brownian-dynamics simulations of isolated chains in extensional flows in the vicinity of the coil-stretch transition [16] . When Wi ≲ 1, conformational fluctuations transverse to the principal stretching axis in uniaxial extensional flow are large and comparable in magnitude to equilibrium fluctuations ( Fig. 1 a) ; this is true of molecules in both the stable coiled and stretched states within the hysteresis window, and at steady states for To the best of this author's knowledge, a detailed theory for molecular hydrodynamics in a solution of chains of anisotropic conformation near and beyond overlap has not yet been developed. Clasen et al. [14] suggested that one can nevertheless take advantage of the concept of "blobs" in semidilute and concentrated solutions of isotropic coils [11; 12; 17-19] to understand hydrodynamic screening when dilute solutions self-concentrate in extensional
flows. In what follows, a scaling analysis for anisotropic chains is combined with wellknown results for isotropic coils in dilute and non-dilute solutions. While such results are valid well within the corresponding scaling regimes, by its very nature, the problem at hand involves crossovers between isotropic coils and idealized slender rods, and between the dilute and non-dilute regimes. In the absence of detailed simulations or experiments, and for the qualitative exploration intended here, an interpolation scheme is developed that is consistent with the results of the scaling analysis. An additional simplification here is the neglect of excluded-volume and the effect of θ-to-athermal crossover in solvent quality. In a solution of anisotropic, partially-stretched chains of aspect ratio R d oriented along the extensional axis, intermolecular screening of hydrodynamic interactions on molecular overlap is described in terms of a screening length ξ h < d such that intramolecular hydrodynamic interactions persist only at length scales smaller than ξ h , but are screened at larger length scales. The quantities ξ h and N h are determined by firstly noting that ξ h is the scale at which segments in any chain first significantly encounter those from neighbouring chains; hence c ξ 3 h N h = 1. Secondly, it is assumed that the equilibrium ideal random-walk structure persists at length scales smaller than d, and ξ (Fig. 2) . When chains overlap therefore, ξ h d = φ −1 and N h = φ 2 (R d). When the pervaded volume fraction (Eq. (1)) φ ≥ 1, molecules on average act as freely-draining Rouse chains of N h "correlation blobs" (Fig. 2 ; [11; 17] ), each blob with a friction coefficient
In such a case, the overall Rouse-like friction coefficient ζ s of a partially-stretched chain is such that
For isotropic coils, on the other hand, the pervaded volume fraction is c c * . When c c * < 1, the friction coefficient for coils is only weakly dependent on concentration, and ζ c ∼ ζ Z [11; 14; 20] . As in the case of stretched chains, hydrodynamic screening leads to a Zimmto-Rouse crossover when coils overlap; substituting
In either coiled or stretched chains, hydrodynamic screening is complete when ζ s or ζ c attain the Rouse value ζ R , which is the bare friction of a chain of N k Kuhn segments, each
Using this estimate in Eq. (3) above, the Zimm-to-Rouse crossover is complete for isotropic coils at a concentration c †
For transversely-distended chains in the stretched state in coil-stretch hysteresis, not only is the crossover for partially stretched chains complete at c † Thus, in moving from very dilute to highly concentrated solutions, the friction coefficient ratio first increases from √ N k ln N k to a maximum of √ N k in the self-concentrated regime, and then decreases to unity. It is expected that the width of the coil-stretch hysteresis window will follow suit. The increase in hysteresis width by a factor proportional to ln N k can be quite significant in flexible polymers with N k ≳ 10 3 [14] .
Going beyond scaling analysis to obtain numerical predictions for hysteresis in macroscopic properties such as the extensional viscosity requires two additional modeling constructs. Firstly, the average friction coefficient ζ has to be quantitatively related to molecular conformation and concentration in a manner consistent with the scaling results presented above. Secondly, prediction of hysteresis requires this model for friction to be considered together with the non-linear stretch-dependence of entropic resistance. To achieve the first objective for a solution of partially-unravelled chains of mean stretch R and transverse size d, a linear "mixing rule" is used here to interpolate ζ between an estimate ζ s for penetrable rods of length R and diameter d, and ζ c , the estimate for isotropic coils of size d 0 [16] . The estimate ζ s in turn uses a second interpolation [16] to connect expected concentration dependence for a dilute suspension of rods obtained from Batchelor's theory [22] when φ ≪ 1, and for overlapping anisotropic chains as described above (Eqn. (2) The equations for the evolution of the axial (zz) and transverse (rr) components of the conformation tensor M are [13] :
The nonlinear effective stiffness of resistance to stretching,
, k b is the Boltzmann constant, and T is the absolute solution temperature. The friction coefficient ζ is calculated as described above [16] [13] . Hysteresis predictions are obtained by integrating to steady-state at each value of Wi, starting with equilibrium, and with highly-stretched initial conditions. The variation of hysteresis windows with concentration predicted thus in Fig. 3 (a) and (b) for N k = 5×10 3 is consistent with the expectation from scaling analysis that the hysteresis window widens as the stretch-to-coil transition Wi s−c decreases with increasing concentration in the dilute regime (Fig. 3 (a) ) until about c † s c * ∼ 0.1. At concentrations above c c * = 1 (Fig. 3 (b) Fig. 3 (c) ) is smaller in good solvents and may even vanish completely [26; 27] , but ζ R (and hence the maximum in Fig. 3 (c) ) is expected to be unaffected by solvent quality. [28] . Firm confirmation may be obtained by more systematic rheological measurements [7] and by visualizing stained molecules in extensional flows [5] . The predictions here may further be tested in large-scale simulations, when it becomes feasible to handle multiple, hydrodynamically-interacting chains long enough to resolve all relevant length and time scales in elongational flows with appropriate periodic boundary conditions [15] . This work was supported by a CPU-time grant on the National Computational Infrastructure at the Australian National University, Canberra. The function ζ is anticipated to lie between the friction ζ c for isotropic coils of size
3 at the same concentration at equilibrium, and an estimate ζ s derived assuming that chains are slender rod-like objects of average length R and d, all aligned in the principal stretching direction in a flow. A simple linear "mixing rule" interpolates ζ between ζ c and ζ s with respect to R as follows:
where ζ Z is the limiting ("Zimm") value for isolated coils at equilibrium. The two ratios 
the second result following from applying blob arguments for equilibrium coils, as highlighted in the main text. Hydrodynamic screening is considered to be complete when ζ c reaches an upper limit set by the Rouse friction coefficient, which for a chain of N k Kuhn-segments, is
B. Concentration and conformation dependence of ζ s ζ Z Three distinct concentration regimes can be identified for modeling ζ s ζ Z depending on the instantaneous pervaded volume fraction of stretched molecules:
where the overlap concentration is estimated as c * = d
In a suspension of aligned, non-overlapping rods, the mean transverse separation h is such that c R h 2 = 1, and hence from Eqn. (4),
The following approximation is based on Batchelor's [? ] results for suspensions of slender rods:
where the argument of the logarithmic correction in the denominator is
The expressions above recover expected behaviour: ζ s → ζ Z for isotropic coils when R → d 0 , and for high aspect ratios when ln F ≫ K, The hydrodynamic screening length ξ h is that at which the intramolecular segmental density is equal to the average segmental density of the solution as a whole, which in turn implies that blobs of all molecules exactly fill space, or
Assuming that an equilibrium-like structure survives at length scales smaller than the size of the transverse fluctuations d when Wi ≲ O(1), for solutions near the Θ-state,
The rod-like mean friction coefficient of the partially-stretched chain chain is calculated as the Rouse drag of N h blobs, each with a Zimm friction
3. ζ s ζ Z in transition regime, 0.01 < φ < 1
In this regime, another interpolation is used for ζ s ζ Z between the value predicted at φ = 1 by Eqn. (11):
and the value calculated by Eqn. (6) when φ = 0.01:
where F φ=0.01 is calculated from Eqn. (7) for any given R and d, but with φ = 0.01. Hence, given c c * , and the dimensions R and d, if 0.01 < φ < 1, a linear interpolation between the two values of ζ s ζ Z above is: 
where R ν is the position vector of the ν-th bead relative to the center-of-mass of a chain of N beads, and the angular brackets represent averaging over a large ensemble of independent stochastic realizations of chain configurations. The volume pervaded by a chain V ≡ √ det G.
In flow, the polymer contribution to the extra-stress τ p is given by the Kramers' equation
[? ], and the dimensionless extensional viscosity is defined as
The evaluation of the longest relaxation time for defining the Weissenberg number Wi is 
